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A general model for calculating the average properties of the copolymer formed between two polydisperse

reactive polymers is developed. M,, M,,, M,, M, and other higher average molecular weights can all be

P

described as a function of the reaction conversion and the average properties of two reactive polymers directly
without calculation of the complete distribution. The predictive capacity of the model is limited to reaction before
gelation and can be used for prediction of the gel point. The model is explicitly formulated and can therefore be
readily applied. © 1997 Elsevier Science Ltd. All rights reserved.
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INTRODUCTION

Blending two or more existing polymers provides the
opportunity to make new materials with improved proper-
ties. The study of polymer blends has therefore recently
developed rapidly. In some cases, reactive extrusion is used
for compatibilizing dissimilar polymers'~>. New covalent
bonds are formed by grafting reaction between two reactive
polymers during the extrusion process. As a knowledge of
the molecular weight distribution of polymers is essential
for synthesis and application, a quantitative description of
average properties of the resulting copolymer formed by
two reactive polymers is also of prime importance in its
physical characterization.

Despite the large number of studies on the theory of
network formation for pelymers formed from two types of
monomer*~'6, very few studies have been published on the
theory of grafting reactions between two reactive polymers.
Recently, Nie et al. 17.18 proposed a kinetic approach for the
grafting system between two reactive polymers. In their
model, the kinetic equations describing the rate of change of
the concentrations of individual polymer species are listed.
With the approximation of two reactive polymers having an
infinite number of reactive groups, the concentrations of
individual species are solved as a function of the grafting
conversion. Then, the average molecular weights (M, and
M,,) are computed from the concentrations of individual
polymer species formed or by introducing probability
generating functions. For the general case of polymer
blends formed from two polydisperse reactive polymers, the
mathematics involved in their model becomes very
complex.

The objective of this paper is to develop, based on the
probability theory originally proposed by Macosko and
Miller'?, a systematic approach for calculating all the
average molecular weights of the resulting copolymer
formed between two polydisperse reactive polymers. Gel
point, M,, M,, M,, M,,, and other higher average
molecular weights can all be described as a function of
the reaction conversion and the average properties of two

polydisperse reactive polymers directly, without calculation
of the complete distribution.

THEORY

In the derivation, we retain Flory’s simplifying
assumptions®: (1) all functional groups of the same
type are chemically equivalent and hence -equally
reactive; (2) the reactivity of a given group is independent
of the size or structure of the molecule to which it is
attached; (3) intramolecular reactions are forbidden. In
addition, the interacting polymer—polymer system is
assumed to be completely mixed in formulating the
model.

Consider a copolymerization system consisting of nu
moles of polymer A with reactive sites ‘a’, reacting with ng
moles of polymer B with reactive sites ‘b’. Since polymer A
is polydisperse, let ny ; (i = 1,2,....f) represent the number of
moles of ‘polymer A with i reactive sites’ (denoted A;) and
its molecular weight be M » ;. Similarly, since polymer B is
polydisperse, let ng; (i = 1,2,...,g) represent the number of
moles of ‘polymer B with i reactive sites’ (denoted B;) and
its molecular weight be My, By our definition,
Z{:l Na,i=nNa and Zle hp ;=ng. Denote nA‘i/nA = p;
and np/ng = ¢; where p; represents the fraction of
‘polymer A with i reactive sites’, and gq; represents the
fraction of ‘polymer B with i reactive sites’.

Let o represent the fraction of ‘a’ sites that have reacted
and 8 the fraction of ‘b’ sites that have reacted. In other
words, « represents the probability of a randomly chosen ‘a’
reacting with ‘b’ and B represents the probability of a
randomly chosen ‘b’ reacting with ‘a’. Then the average (or
expected) number of ‘a’ sites consumed for ‘polymer A with
i reactive sites’ at conversion « is:

7\A,,-=ia (1)

By the law of total probability for expectation, the average
number (or the expected number) of ‘a’ sites consumed for
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polymer A at conversion « is given by:

f f
M= D GAad=a ) (p)=aM.a/My)) ()
i=1 i=1
Similarly, the average (or expected) number of ‘b’ sites
consumed for ‘polymer B with i reactive sites’ at conversion
o is:

A, =i (3)

and the average number (or the expected number) of ‘b’
sites consumed for polymer B at conversion « is given by:

g g
Ne= D (@Ne.) =B, (ig)=BM,ps/My,) (4
i=1 i=1
Note that Y7 —1Gp) and >¥_ (ig;) are replaced by
Mn alMy 1 and M, g/My |, respectively (see Appendix A).
Mn, A and Mn,B represent the number-average molecular
weights of polymer A and polymer B respectively. My
and My, are the molecular weights of ‘polymer A with
one reactive site’ and ‘polymer B with one reactive site’
respectively. It is assumed that the reactive sites are
uniformly distributed on the polymer chain for both polymer
A and polymer B, i.e. My ;=iM ,, and My, = iMp,. M,;
and My; are the molecular weights of ‘polymer A with i
reactive sites’ and ‘polymer B with i reactive sites’
respectively.
By stoichiometry, we have:

nals =nghg 3
Substituting equations (2) and (4) into equation (5) gives:
naoa(My oIMy ) =ngBM, s/My ) 6)
or:
B=nya(M, o/Mp )[ng(M, s/My )] = ro @)
where:

r=na(M, A/Ma | Y(ng(M, s/Mg ;)] (8)

Number-average molecular weight (M,,)

By definition, M, is just the total mass, myy, divided by
the number of molecules present at conversion «, 7.
Then:

Mn = mtotal/ Niotal 9

where:

f g
Myotal = z (na,iMa, )+ Z (ng ;Mg ;)

i=1 i=1

=nAMn,A‘*"nB]Wn,B (10)

Mioal = 1A +Np — NaANA =g + g — onpg (M A/My 1)
(1)

or:

el =N + Np — ngAg =np + ng — rang(M,, p/My )
(12)

Note that n, + n3p is the total number of moles of polymer A
and polymer B initially in the system and n A, (or nghg) is
the total number of bonds formed at conversion «. Since
each bond binds two molecules into one, n,y,, calculated in
equation (11) or equation (12), represents the number of
molecules present at conversion o. Therefore, M, of the
resultlng copolymer is a function of M, o, M, and
conversion «.

Weight-average molecular weight (M,,)

Pick a reactive site ‘a’ at random from a randomly
chosen ‘polymer A with i reactive sites’ (denoted A)) as
sketched in Figure 1. The random variable, W3'j, is the
wenght attached to * a looking out from its parent molecule
in the direction —'. Based on assumptions (1) and (2)
above, Wg'i is mdependent of the number of reactive sites of
polymer A to which the randomly chosen ‘a’ belongs;

therefore W3'; can be represented as Wa"'. Then:

0, P=1— « (if site a does not react)

WOUl — ) g
Wg.i, P=alig;/ Z (ig)] (i=1,2,...,g) (if site a reacts with site b)
i=1
WAnnl WB,iin
Ay 2 O—
S m - O— —0
—C Wnou( W, D_" W, out
0—1 -_ - W ou o in —>
W in —D e e e O_ A B.i _D .....
Ad —O _ —>
+—1 —{]
_.O ——O
O— s o— 0=
—O — O
O_
"polymer A" "polymer B" "polymer A" "polymer B"

Figure 1 Schematic illustration of polymer formed by grafting reaction between polymer A and polymer B, both polydisperse: O, site ‘a’ on polymer A; [,

site ‘b’ on polymer B; ----, grafting reaction between polymer A and polymer B
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where P denotes probability and Wy, is the weight attached
to site ‘b’ of ‘polymer B with i reactive sites’ (denoted B))
looking along —* into its parent molecule. Since _the number
of reactive sites of polymer B to which Wy'; belongs
determines the number of sites on that polymer B available
for reaction, the subscript i in WB ; 1s needed to spemfy the
number of reactive sites of polymer B to which Wg'; belongs
(similarly, Wy'i can be represented as Wg" and the subscript
iin Wy, is needed to specify the number of reactive sites of
polymer A to which Wy, belongs). Since the number of
reactive sites on all the B; is ngig; and the total number of
reactive sites ‘b’ in the system is X5_, (npig;), the
probability that a randomly chosen reactive site ‘b’ belongs
to B; can be denoted ig/> ¥_ (ig,).

As o represents the fraction of ‘a’ sites that have reacted
(i.e. o represents the probability of a randomly chosen ‘a’
reacting with ‘b’), the probability of a randomly chosen ‘a’
reacting with B; is alig/> %_,(ig))]. By the law of total
probability for expectation, we have:

£
(W) = Z (E(WE)-aligd Y. (ig)]} +0-(1 —a)

i=1 i=1

g
_Z iqE(W)

AV Z (iq;) (13)

i=1

g
=aMy ([ Z iq;E(Wg. )] M, g

i=1
where Y §_,(ig;) is replaced by M, /My | (see Appendix
A). A similar argument can be applied to W5". Therefore:

f .
EWS™y=raMy [ D ipEWR N M, »  (14)

i=1

Considering the copolymerization between two poly-
disperse polymers (polymer A and polymer B), we can
derive for a randomly chosen ‘polymer A with i reactive
sites’ (denoted A)):

i—1

Wi =My, + > W (i=12,..f) (19
j=1

where M, is the molecular weight of A; and W3'j is the
weight attached to the jth branch of a randomly chosen A,
Note that A, has i reactive sites and W'} = 1,2,....i — 1)
are 1ndcpendent random variables with the same dlstribu-
tion: W', Similarly, for a randomly chosen ‘polymer B
with i reactive sites’ (denoted B)):

i—1
Wii=Mg,+ D> W (i=12,..,9)  (16)
j=1

where My is the molecular weight of B; and Wg.; is the
weight attached to the jth branch of a randomly chosen B..
Note that B, has i reactive sites and WO‘“ G=12,..,i—1)
are independent random variables w1th the same distribu-
tion: Wp"'. These two sets of equations (equations (15) and
(16)) w111 recycle due to the recursive nature of the structure.
Taking the expectation of equation (15) leads (see Appendix
B) to:

EWR)=Mp;+ (- DEWR) (i=1,2,..../) (7)

Multiplying both sides of the above equation by ip; and
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summing from i = 1 to f, we have:

f
D lipEWS

i=1
s s
= D (ipMa ) +EWE Y i — Dpi] (18)
=1 i=1
—-(Mn AMW AVM 4 1+ E( Ou{)[(Mn AMW A
MA,l — M, pIMy ]

where 37 (ipiMa ), XI_.(Gp) and 3I_ (Pp) are
replaced by (M, AMy, )My |, M, A/My | and
(Mn AMW A)/MA1 respectively (see Appendlx A). M, A
represents the weight-average molecular weight of polymer
A. A similar argument can be applied to Wy ;. Therefore:
E(Wg)=Mg +(i—DEWE") (i=1,2,...8) (19

and
g . . _
> ligEWE )= (M, sM,, )/Mg. | + E(WS™)
i=1

X (M, M, p)/Ms | — M, g/Mg ]
(20)

Substituting equations (18) and (20) into equations (13) and
(14), EOWR™) and E(W3") can be solved simultaneously as:

EWR")=al[M,, g +raM, s(M, /Mg, — D)/
[1- raz(MW,A/MA,l - 1)(M,, /Mg | —1)]
(2D
EWR")=ra[M, s +aM, gM, A/Ma; — D)V
1 — ra*(M,, alMa, — DM, 5/Mg,, — D]
(22)

The molecular weight, Wy ;, of the entire molecule to which
a randomly chosen A; belongs will just be the molecular
weight of A; plus the weights attached to i reactive sites
looking out from each site. Therefore:

-—MA.+Z W G=12,.../) (23

j=1

Taking the expectation of this equation leads (see Appendix
B) to:

E(Wa ) =My +iEWR") (i=1,2,....f)  (24)
A similar argument can be applied to Wy, the molecular
weight of the entire molecule to which a randomly chosen
B, belongs. Then:

EWy ) =Mg +iEWg™) (i=1,2,...9)  (25)

Let y; and yg; denote the weight fractions of A; and B, in
the system, respectively:

f g
Yai=na My il Z (na,iMa, )+ Z (ng ;Mg )] 26)
i=1 =

=np ;Mp, /(naM, A +npgM, p)
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f g
Yo =np, My /L D (naMa )+ D (ng Mg )] o
i=1 i=1

=ng, Mg, i/(naMy o +npM, p)

By definition, M, the first moment of the molecular weight
distribution, can be expressed as:

f g
M,=EW)= D [ya EWadl+ D [pE(Ws, )]

i0 i=1
f 8
=1 Z [na,iMa E(Wa )]+ Z [ng, Mg ;E(Wg )1}/

i=1 i=1

(naM, o +ngM, ) (28)

where:

Z [na,Ma E(Wa )] =n, Z {(PiMa My +EWEH])
i=1 i=1

f f
=nal D (M4 )+ EWR) D (ip:Ma )] (29)

i=1 i=1
=np[My AMy, a + E(WR") (M, AM,, 2)/M}y 1]
Note that Z,— 1(p,M 1) and Z _1(ipiM, ;) are replaced by

Mrl AMW A and (Mn M, A)/MA 1 respectively (see
Appendix A). Similarly:

g
Z ng ;Mg ;E(Wg ;) =ng[M, sM,, s + E(W3")
i=1 (30)

X (M, gM,, 5)/Msg ]
Since E(W") and E(Wg") are given in equations (21) and

(22), substituting equations (29) and (30) into equation (28)
gives:

— My o+ oMy, aIMa )M, 5 +raM, s(M,, g/Mg | — 1)]

My, =ya

when:
QG = U[r(M, pIMp, — DM, /Mg — 1] (34)

For the monodisperse polymer A and polymer B, we have
My a=M, A and M, =M, p. Then the number of
reactive sites ‘a’ on polymer Alis:

f=M, A/My (35)
Similarly, the number of reactive sites ‘b’ on polymer B is:
g=M,, s/Mg (36)

Substituting equations (35) and (36) into equation (31) M,
reduces to the result derived by Macosko and Miller 13 and
Shiau'® for a copolymerization system between n , moles of
f-functional A-type monomers and ny moles of g-functional
B-type monomers.

Z-average molecular weight (M,)

M is defined as the ratio of the second moment of the
molecular weight distribution, E(WY), to the first moment,
E(W). Note that M,, represents E(W). Thus:

M, =E(W*/E(W) (37)
Taking the square of both sides of equation (15) yields:

i—1 i1

(W) =M3 +2M, ,<2W°“‘)+<Z Weth? )
ji=1

(i=1,2,....f)

Taking the expectation of the above equation (see Appendix
B) gives:

E[(WR)*1= M3, ;+2(i — DM, E(WE™) + (i ~ DEI(WR")’]

+ (i = (i = DIEWLH (i=1,2,....f)
(39)

+ B

1 —ra?(M,, a/Mp, 1 — )M, g/Mp | — 1)

3D

M, g+ ra(M,, g/Myg )M, s +aM, g(M, A/M, ;| — 1)]

where y, and yg represent the initial weight fractions of
polymer A and polymer B in the system, respectively:

f f g
Ya= z (na,:Ma ) Z (na,iMa )+ Z (ng, Mg, ;)]

i=1 i=1 i=1

=n\M, A/(n\M,, » +ngM, ) (32)

g f g
yo= D (ng Mg ) D (naMp)+ D (ng Mp)]

i=1 i=1 i=1

=ngM,, p/(nAM, A +ngM, p) (33)
Therefore, M,, of the : resulting copolymer, given in equation
(31),is afunctlon of My o, M, B M, A, MW g and conver-

sion o.. The value of o at which M, dlverges is called the gel
point (o g ). As shown in equation (31), M., becomes infinite
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1 —ro(My AIMa,) — )M, /Mg ; — 1)

Multiplying both sides of the above equation by ip; and
summing from i = 1 to f, we have:

~

> lipELWR )11

1=

f
= 2 (ipiM3.) + 26 °“‘>Z[:(z—1)p,MA i

i=1 , i=1 (40)

+EWH Y (i - Dpi)
i=1
f

FEWEHE Y il — 1) —2)p;]
i=1

where the terms Z{=l(ip,~M,§,,~), Z{zl(ip,-MA,,-),

ST @piMaD, Y Gipd), Y_ (P and ¥ _ (Pp)) can



be replaced by the average properties of polymer A (see
Appendix A). Similarly, we can derive:

8

> i ELWE 1)

i=1

Z (ig:M3 ;) + 2E(WE™) Z Li(i — 1)g:Mg ;]
i=1 i=1

\ (41)
+E[W™ D [ii — Dgil

i=1

8
FIEWEMIP D i — )G - 2)g1]

i=1

Then, similar to the development of equat1ons (13) and (14),
if the random variables (W$")? and (W3"')? are used instead
of Wi and Wg" respectively, we have:

g

E[WY)=aMg 1 { D ig:E[(W,

i=1

B VM (42)

f
ELWS™ ) =raM, { . ip:EI(

i=1

WE Y 1WM, s  (43)

Thus, by substitution of equatlons (40) and (41) into equa-
tions (42) and (43), E[(W")?] and E[(W§™)*] can be solved
simultaneously, since E( W'y and E(Wg™) have been given
in equations (21) and (22).

Taking the square on both sides of equation (23) yields:

WA,—MA,+2MA,<Z

= (44)

+(Z W (i=1,2,...f)

j=1

Taking the expectation of the above equation (see Appendix
B) gives:

E(Wi[) = M,ez\,,' +2iMy, iE(WX“‘) + iE[(WOU[)z]

(45)
+ili = DIEEWSH ((=1,2,...f)
Similarly, we can derive:
E(W§ ) =M3 ; + 2iMg E(W5") + iE[( Wa'y’]
(46)

+i(i = DIEWEP (i=1,2,....8)
Then E(W?), by definition, can be expressed as:

f g
EWH) = [yaEWA N+ D e EWE )]

i=1 i=1

f g
={ D [na Ma EWL+ . [ng Mg EW3 )Y

i=1 i=1
(nAMy A + 1M, ) (47)
where:

f
Z (1 Ma E(Wi )]

i=1

=N,

-

[pMa E(W3 D]

i=1
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=nal Z (M3, ) + 2E(W3™) Z (ip:M3.) + E[(W3™)]

i=1

f
X Y (ipiMy )+ EWRP Z (i(i = DpiMa 1} (48)

i=1 i=1

g
Z [np, Mg E(W5 )]

i=1
. 2
Z [q:iMg ;E(WE )]

g
=nsl 2 (@M, D+ 2BV 3 (g M3 )+ ELCWE™Y)

i=1

£ g
X > (igMp )+ [EWEHP D Lili — DgiMg 1} (49)

i=1 i=1

Note that the terms such as S M), YI_ ipMa ),
Y8 (M3 ), Y5 (ig;M3 ), etc., can be replaced by
the average properties of polymer A and polymer B,
respectively (see Appendix A).
Substituting equations (48) and (49) 1nto equation (47),
we can obtain a complete formula for E(W ). Thus, M can
be calculated by equation (37) as a function of the average
properties of polymer A and polymer B, and conversion a.
For the monodisperse case, M, reduces to the result derived
by Macosko and Miller'? and Sh1au

Z + I-average molecular weight (M. . ;) and other higher
average molecular weights

M, | is defined as the ratio of the th1rd moment of the
molecular we1ght distribution, E(W’), to the second
moment, E(W) Thus:

M, = EW)/E(W?) (50)

The expression for E(W?) is derived as follows. Taking the
third power on both sides of equation (15) yields:

i—1

(WP =M +3M3 (D W) +3M, Z
j=1 j=1

i—1

+(Z We (i=1,2,....f) (51)

Taking the expectation of the above equation (see Appendix
B) gives:
E[(WR )1 =M} +3(i — DMZ ;E(WR™)

+ 3@ — I)MA EIW, Oul) ]

+3(i — 1)(i = M [EWR)

+ (i — DE[(WR™Y’]

+3(3 = 1)(i = 2)E[WRHEWRY)

+ (i = )i — 2 = HNEWRHT (i=1,2,..f)
(52)

Multiplying both sides of the above equation by ip; and

POLYMER Volume 39 Number 6-7 1998 1321



Average properties of polymer blends: L.-D. Shiau

summing from i = 1 to f, we have:

~

Z {ipELWR )]y

i=1

S~

f
Z (ip:M3.)) + 3E(WR™) > [i(i — Dp:M] ;]

i= i=1

f
F3E[WRHP Y i~ DpiMa )
=1

f
FIEWHE D G- 1) —2)pMa ) (53)

i=1

f
+EWRY’T Y [iG - pi]

i=1

f
+3E(WREWE) Y [ili — 1) — 2)p;]
i=1

/
+HIEWRYP D Lii— 1)~ 2)( - 3)p]

Similarly, we can derive:

oy

2 igE(W)°)

i=1

o

Z (ig:M3 ;) + 3E(WE™) Z [i(i — 1)g;M3,;]

i= i=1

8
+3E[WR™ D [ii — 1)g:Mg, ]

i=1

8
FIEWEHP D Lii — 1) —2)g:Mp, ;)

i=1

£
+EWE™’] D il — g
i=1

8
+ 3E[(WE IE(WS™) Y (i — 1)(i — 2)g;]

i=1

g
+HIEWETY D lili— 1)~ 2)( - 3)q,) (54)

i=1

Then, similar to the development of equatlons (13) and (14),
the random varlables (W) and (W3™)?® are used instead of
W and W™ respectively, and we have:

8
EQWY 1 =aMy \{ D igElWE Y1VM, 5 (55)

i=1

f ] o
ELWR"Y 1 =raMa { D ip.EL(WER P 1VM, »  (56)

i=1

Thus, by substitution of equatlons (53) and (54) into equa-
tions (55) and (56), E[(W3")?] and E[(W5")?] can be solved
51mu1taneously, since E(W3™M), E(W""t) E[(W?] and
EL(W§")?] have been solved previously.

Taking the third power on both sides of equation (23)
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yields:

Wi =Ma+3Ma Z W)+ 3M, Z wahy?

i=1 j=1
F(O W (i=1,2,....0) (57)
j=1

Taking the expectation of the above equation (see Appendix
B) gives:

E(W3 ) =M3 ; +3iMa E(WR™) + 3iM, EL(WR™"]

+3i(i — DM JLE(WROT +EL(WR')]

+3i(i — DEW IE(WS™) +i(i — 1)(i — 2)

X [EWSH (i=1,2,..../) (58)
Similarly, we can derive:
E(W3, ;)= M3, + 3iMg E(W5™) + 3iMp E[(W5")]

+3i(i — Mg [[E(WE")F +IE[(W")']

+3i(i — DE[(WR™1E(W™) + ii — 1)(i - 2)

X [EWSHP (i=1,2,...,8) (59)
Then E(W?), by definition, can be expressed as:

f g
EW)= Y [ya EW I+ D [ys EW3 )]

i=1 i=1

Z [na,iMa EWR )] + Z [ng. ;Mg ;E(W3 )]}/

i=1 i=1
X (naMy o +ngM, p) (60)

where:

f
D [naMa EWR )]
i=1
S
=n, _Z [piMa EWA )]

Z (PMA )+ 3E(WE™) Z(zp,MA )

i=1 i=1

;
+3E[WRY] D (ipiM3 )
i=1

. 61)
F3LEWRY D i - DpMa )

i=1

f
FELWY Y (ipMa.)

f
+3E[(WRYIEWR™) Y [ii — DpiMa ]

i=1

;
+IEWRHT Y 1ii— 1 — 2piMa i}

i=1



£
> [ng. My EW3 )]

i=1

£
=ng Y [g:Ms EW3 )]

i=1

= np| Z (@:M3.) + 3E(W™) Z (ig:M3.)

i=1 i=1

+ 3E[(WE™)) Z (ig:M3 ;)
i=1

(62)

+ 3[E(WS" Z [i(i — 1)g;M3 ;]

i=1

oy

+ E[(Wg™)’] Z (ig:Mp. ;)

+ 3E[(WRY1E(WE™) Z [i(i — 1)g;Ms,;]

i=1

2
+IEWRT . [ — 1)~ aiM, 1)
i=1

Substituting equations (61) and (62) 1nto equation (60), we
can obtain a complete formula for E(W%).Thus M, | canbe
calculated by equation (50) as a function of the average
properties of polymer A and polymer B, and conversion
. For the monodlsperse case, M, | reduces to the result
derived by Shiau'®

Higher moments of the molecular weight distribution can
be derived by a similar approach. In general, E(W") is
developed as follows. Taking the nth power on both sides of
equations (15) and (16) yields:

i—1

(Wi )" =My +nMA7( Z

n(n ( Z Woul

j=1

- D(n-— 2) aut)
+ ——————3! Z Wy

i—1

F(OO WY (i=1,2,...0) (63)

j=1

i—1

(WY =M +nMp (D W)
f=1

n(n (Z W°
n(n—1)(n— i a3
+ —————3! (Z Wy
i—1
FO WY (i=1,2,...,8) (64)

j=1

As described previously, E[(W' "] and E[(W,i;",) ] can be
obtained by taking the expectation of the above equations
(see Appendix B). Then, >’_,{ipE(W)']} and
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3é_ {ig;E[(Wg")"]} can be derived. Similar to the develop-
ment of equations (13) and (14), the random variables
(W'Y and (WE™)" are used instead of WR" and W§"
respectively, and we have:

E[(W")") = aMp | qu,E[(

i=1

l) ]}/Mn B (65)

f
E[(Wg"Y' = raMy i { D ipiEl(
i=1
Thus E[(Wa")"] and E[(W§™)"] can be determined simulta-
neously.
Taking the nth power on both sides of equation (23)
yields:

WY1 My s (66)

W= 5 S W

( 1)MZ12( Z out

2! =

An =D =2)
M, <,§W
+<Z W' (i=1,2,....f) (67)

j=1

Thus E(W} ;) can be obtained by taking the expectatlon of
the above equation (see Appendix B). Similarly, E(Wg )
can be obtained. Then E(W"), by definition, can be
expressed as:

f g
EWY= Y aEWL)+ > s EWs )]

i=1 =1
f g
={ Y (na M EWE D+ > [ng Mg EOWg )1V

=1 =
(nAM, 4 + 1M, 5) (68)

where 37_[ny M E(WA )] and 3, [ng, My i E(W5,)]
can be derived in a similar way as before.

RESULTS AND DISCUSSION

A model is presented in this paper for determining, without
calculation of the complete distribution, the gel point,
M,, My, M,, M, and other higher average molecular
weights of the resulting copolymer as a function of the
reaction conversion and the average properties of two
polydisperse reactive polymers.

Numerical results of the model are illustrated in Figure 2
for the grafting system studied by Nie et al. '%. the hydroxyl
groups on cellulose acetate (CA) react with the anhydride
groups on styrene—maleic anhydride random copolymer
(SMA) to form graft copolymers. There are 85 hydroxyl
groups of CA for a number-average molecular weight of
46000 (polymer A) and 90 anhydrides of SMA for a
number-average molecular weight of 120 000 (polymer B).

Therefore M, 5 =46 000, M,5=120000, M, =
M, A/85 and MB | =M, /90. In the calculation, it is
assumed for simlicity that ny, = 1, ng 4

A/M A-—M A/MWA_M +[A/M A—15 and MW,B/
M, w=M, oMyn=M., /M 5=15
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Figure 2 M,, M,, M_and M, | versus conversion « for the polymer formed by grafting reaction between polydisperse polymer A and polymer B

M, M,, M,, M, of the resulting copolymer versus
reaction conversion (o) are plotted in Figure 2. It is
observed that M, <M, <M, <M, ,, which agrees with
the definition of the average properties. Figure 2 also shows
that gel point occurs at o = 0.0158 as calculated in equation
(34), which shows that at the gel point, the average number
of hydroxy!l groups of CA consumed (A,) is 1.34 and the
average number of anhydride groups of SMA consumed
(Ag) is 0.336 [as derived in equation (2) and equation (4),
>\A = a(ﬁn,A/MA, 1) and >\B = B(Mn, B/MB, l)]‘ Therefore it
can be concluded that the percentage conversions of the two
reactive groups are quite small in the pre-gel region.
Besides, it seems probable that one would start with a
bimodal distribution in the early stages of reaction if the two
reacting polymers have a different initial average molecular
weight, which would tend to narrow to a monomodal
distribution of much higher average molecular weight prior
to gelation.

The major advantage of this systematic approach is that,
once the basic equations are set up, various average
molecular weights can be directly derived by taking the
nth power on both sides of these equations and then taking
the expectation of the equations thus obtained. The model
developed in this paper provides a general algorithm for
solving for these average properties by computer.
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APPENDIX A:

For the polydisperse polymer A, various average molecular
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weights are defined as:

f
Mya=1D (na My )Vna
i=1

(A1)
_ / f
Mya=[D (o MELOVLD (na My )] (A2)
i=1 i=1
. / /
Mop=1Y (na MDD, (na MA )] (A3)
i=1 i=1
f f
Moa=[Y (aMADVLY (i MAD] (A4
i=1 i=1

Then the following equations can be derived based on the
average properties of polymer A:

f f
Z (ip)) = Z (iMp 1np /My 1)
=i =i

; (A5)
=1 Z (na, Ma DY(naMa, ) =M, AIM,

i=1
Note that ny = Z),;lnm» and p; = nafna. My is the
molecular weight of ‘polymer A with one reactive site’.
The reactive sites ‘a’ are assumed uniformly distributed
on the polymer chain, i.e. M ; = iM 4. Similarly:

f f
> Ppy= D ("M na JMA 1)

i=1 i=1

f
=[ > (na M)V (AMA ) = (M, AM,, 0)IM3

i=1

(A6)



f f
Z ’p)= Z (MR 1na IMR, 1mp)
= i=1

! (A7)
=[ D (na M3 )V(naM3 )
i=1
= (M, AM,, M, A)M2 |
f f
> ()= D (ML na IMA 1na)
=1 i=1
f (A8)
=0 (naMA )V(naM3, 1)

i=1

=M, My M, \M, AVMa |

Since M,; = iM,,;, we can also derive the following
expressions:

f f
> (ipMa)=Ma, Y. (*p) =My AMy )My, (A9)

i=1 i=1

f f
> PpiMa)=Mp, Y. (°p) =My \My AM, AIM5

i=1 i=1

(A10)

f f
S PpMa)=Ma, > (*p)

i=1 i=1

= (M, s\My AM AM, |, AVMR

(All)

f f
> (pMA ) =Ma, Y. (’p)= (Mo \My M A)Mp

i=1 i=1

(A12)
ﬁ (PpM3 ) = M3 | ﬁ (*py)
i=1 ' ] (A13)
= (M, AMy \M M, 1 M Al
L 3 3 L 4
izZl (ip:Ma,)=M3 | ,; ) Al
= (Mo aMy aAM, aM, 1 2)/ My,
f f
iZ'l PiMa)=Mp ; i; (ip) =M, A (A15)
f f
> M )=Mi, D (Pp)=M,sM,n  (Al6)

i=1 i=1

f f
z (PiMi,i)=M/3x,1 z (Pp) =My AMy M, s (A17)

i=1 i=1

f f
> (oML )=Ma, D (*p) =My \My AM, AM. 1 A

i=1 i=1
(A18)

Likewise, similar expressions can be derived for polymer B.
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APPENDIX B:

Based on probability theory'®, if X, X2, Xy are
independent random variables with the same distribution
X, then:

f f
E(Y X)= D EX)=fEX) (B1)

i=1 i=1

i=1 i=1 i=1j=1j#i
f 5 f f
=E(Y X))+E X,
(Z ) (,-;,:Zm 2 (B2)
f 5o
ZE(Xz Z Z EX)E(X)

=fEX?) +f(f — DIEX)T

E(ZX) —E(zX3+3Z Z XX

i=1 i=1 i=1j=1j#i

f f f
+ E( Z . Z 4 Z . .XinXk)
f f f
=Y ExH+3Y > EX)EX)
h i NE3

EX)EX)EX)

—fE(X3) +3f(f — DE(XPEX)

+f(f = D - DIEXY (B3)
f
E(Y. X"
i=1
— E( i n' Xerh Xllf)
- 1 4 i
ny, 0, ..., 020 m 'n2 f
(ny +ng . +up=n
n n, ]
= Y PRI EXM X2 .. X))
ny, o, .0 =0 m n2
(ny +my+ b= "
n n! .
= Z —————-E(X YEX3)... X))
- nl'nz
ny, g, a0
gy vy + ,,A+u} =n)
n
= Y T EMER™).EXY) (B4
ny,ny, .., n=0 Ryt nf
Gy oy g =
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